Abstract. Following A.M. Vinogradov and I.S. Krasilshchik, we regard systems of PDEs as manifolds with integrable distributions and consider their special morphisms called differential coverings, which include constructions like Lax pairs and Bäcklund transformations (BT) in soliton theory. We show that, similarly to usual coverings in topology, at least for some soliton equations differential coverings are determined by actions of a sort of fundamental group, which is a projective system of Lie groups. From this we deduce an algebraic criterion for two equations to be connected by a BT and a way to describe BTs in terms of homogeneous spaces. For the KdV equation and the Krichever-Novikov equation these projective systems are determined by certain infinite-dimensional Lie algebras of Kac-Moody type. Studying these Lie algebras and using the above results, we prove that the two equations are not connected by a BT.
Introduction
In this paper we study special correspondences called (differential ) coverings between systems of PDEs. Roughly speaking, a covering E 1 → E 2 is a differential mapping from one system of E 1 to another system E 2 such that the preimage of each local solution of E 2 is a family of E 1 solutions dependent on a finite number m of integration constants.
More precisely, we consider infinite order jets of solutions and regard E 1 , E 2 as submanifolds in infinite jet spaces. The (generally infinite-dimensional) submanifold of infinite jets satisfying a system of PDEs is called the infinite prolongation of the system and possesses a canonical distribution called the Cartan distribution that is spanned by the total derivative operators (regarded as commuting vector fields on the infinite jet space) with respect to the independent variables. By a morphism from one system to another we understand a smooth mapping of their infinite prolongations whose differential preserves the Cartan distributions.
Then a covering τ : E 1 → E 2 is a morphism that is a locally trivial bundle of finite rank m. The automorphism group of τ is the group of automorphisms ψ : E 1 → E 1 that satisfy τ = τ • ψ.
It was shown in [10] that all kinds of Lax pairs, zero-curvature representations, Wahlquist-Estabrook prolongation structures, and Bäcklund transformations in soliton theory are special types of coverings. In particular, a Bäcklund transformation between two systems E 1 and E 2 is given by another system E 3 and a pair of coverings
The name "coverings" for such morphisms is used because they include usual topological coverings of finite-dimensional manifolds (see Example 3 below) .
Recall that for a finite-dimensional manifold M its topological coverings are in one-to-one correspondence with actions of the fundamental group π 1 (M ) on (discrete) sets. In this paper we show that at least for some examples E of PDEs there is an analog of the fundamental group for differential coverings, which is not a discrete group, but a projective system of Lie groups.
Recall that for differential equations E the so-called horizontal cohomologyH q (E) is the analog the de Rham cohomology of finite-dimensional manifolds. Inspired by this fact, similarly to connected coverings in topology, we call a differential covering E 1 → E 2 ∂-connected if dimH 0 (E 1 ) = dimH 0 (E 2 ) = 1. It turns out that for any differential covering each point of the covering equation lies in a unique maximal ∂-connected subcovering. Then the crucial theorem is that, similarly to topological coverings andétale coverings in algebraic geometry, any ∂-connected covering τ :Ẽ → E is included in a commutative diagram of ∂-connected coverings
where the covering r(τ ) is regular, i.e., the action of its automorphism group on E(τ ) is free and transitive on each fibre of r(τ ). The automorphism groups of regular coverings over E form the fundamental projective system of Lie groups, the homomorphisms being induced by morphisms of coverings over E (compare with Grothendieck's fundamental group for algebraic varieties [3] ). Moreover, the same automatically happens for the covering equationẼ, and its fundamental projective system consists of some subgroups of the fundamental projective system for E. This is the analog of the fact that for a connected topological coveringM → M one has π 1 (M ) ⊂ π 1 (M ). More precisely, our consideration is local, and it is more convenient to consider the projective system of Lie algebras of infinitesimal automorphisms. In this paper we concentrate mainly on examples rather than general theory, which will be discussed in full generality elsewhere. In the considered examples this projective system of Lie algebras is isomorphic to the system of finite-dimensional quotients of some infinite-dimensional Lie algebra f. An analog of the topological Gurevich theorem also holds: the quotient f/[f, f] is dual to the spaceH 1 (E), which coincides with the space of conservation laws.
We compute f explicitly for two well-known soliton equations: the KdV equation and the nonsingular Krichever-Novikov equation
where p(u) is a polynomial of degree 3 with distinct roots. In both cases f is of the form K ⊕ H ⊕ C, where H is the 5-dimensional nilpotent Heisenberg algebra, C is a commutative infinite-dimensional algebra (responsible for higher conservation laws), and K is an algebra of Kac-Moody type. From the general theory it follows that all soliton equations of the form u t = u xxx + f (u, u x , u xx ) possess also a fundamental projective system of similar form, since according to [15, 16] 
, while for the nonsingular Krichever-Novikov equation the algebra K is isomorphic to a certain subalgebra of the tensor product of sl 2 (C) with the ring of regular functions on an affine elliptic curve. In order to develop the theory of fundamental group, we prove that for any subalgebra S ⊂ K of finite codimension there is an ideal I of K that is of finite codimesion and is contained in S. This result and its proof may be of independent interest.
We obtain also a criterion for two equations to be related by a Bäcklund transformation (1). Roughly speaking, it is the following. The fundamental group (or Lie algebra) of E 3 can be computed in two ways: it is a subgroup of finite codimension in the fundamental groups of E 1 and E 2 . Therefore, the fundamental groups of E 1 and E 2 must be similar in the following sense: they contain the same subgroup of finite codimension. In fact the situation is more complicated, since we consider projective systems of groups, see Theorem 6. Using the criterion, we prove that the KdV and Krichever-Novikov equations are not related by a Bäcklund transformation.
To achieve this, using the results of [13, 2] , we construct a homomorphism from the above mentioned algebra sl 2 -valued functions on an elliptic curves to the algebra sl 4 ⊗ C[λ]. This homomorphism may be also of independent interest.
Basics
In this section we review some notions from PDE geometry. All material mentioned here except of Subsection 2.4 is studied in more detail in [1, 10] .
2.1. Differential equations as manifolds with distributions. For a manifold V we denote by D(V ) the module of vector fields on V . The differential of a smooth mapping ϕ :
Let E ⊂ J ∞ (π) be the (normally infinite-dimensional) submanifold determined by a system of PDEs and its differential consequences in the infinite jet space J ∞ (π) of some bundle π : E → M , where E and M are finite-dimensional manifolds. The submanifold E is called the infinite prolongation of the initial system of PDEs.
In the coordinate language, local coordinates x 1 , . . . , x n in M and u 1 , . . . , u d in fibres of π play the role of independent and dependent variables in the equations respectively. For a multi-index σ = i 1 . . . i k set
These functions along with x i form a system of local coordinates for the space J ∞ (π). The smooth functions on J ∞ (π) are just the smooth functions dependent on a finite number of these coordinates.
We have the natural bundle π ∞ : J ∞ (π) → M , and each local section s of π along with its partial derivatives determines in the obvious way a section j ∞ s of the bundle π ∞ called the infinite jet of s.
The total derivative operators
are commuting vector fields on J ∞ (π). If
is the initial system of PDEs then its infinite prolongation E ⊂ J ∞ (π) is distinguished by the infinite system of equations
The vector fields D xi are tangent to E, and their restrictions to E will be denoted by the same symbol
Since E is infinite-dimensional, this does not generally imply existence and uniqueness of maximal integral submanifolds, but the existing n-dimensional integral submanifolds are precisely the infinite jets of local solution to (5).
Example 1. Consider a scalar evolution equation in two independent variables x, t.
Its infinite prolongation has the natural coordinates x, t, u k , k ≥ 0, since using differential consequences of (6) all t-derivatives are expressed in terms of these. The total derivative operators are written in these coordinates as follows 
see [1] for its coordinate-free definition.
Example 2. The (n − 1)-cocycles of this complex coincide with conserved currents of E, and the (n − 1)-cohomology classes are the conservation laws. For equations in two independent variables x, t the 1-cocycles are of the form
2.3. The definition of coverings. A (differential ) covering over E is given by a locally trivial fibre bundle of finite rank (the dimension of fibres)
and an n-dimensional distribution C τ ⊂ D(Ẽ) such that [C τ , C τ ] ⊂ C τ and τ * maps the tangent planes of C τ isomorphically onto the tangent planes of C E . A diffeomorphism ϕ :Ẽ →Ẽ such that τ • ϕ = τ is called a gauge transformation, and the covering given by the distribution ϕ * (C τ ) is said to be (gauge) equivalent to the covering τ . Similarly, a morphism between two coverings τ i : E i → E, i = 1, 2, over the same equation is a smooth map ϕ : Return to general differential coverings (11) . Since τ * : C τ → C E is an isomorphism of distributions, there is a unique n-tuple of vector fieldsD xi ∈ C τ , i = 1, . . . , n, on the manifoldẼ such that
A τ -vertical vector field X onẼ is called a (gauge) symmetry of τ if
This means that the local flows of X are automorphisms of τ . In coordinates equation (14) is equivalent to
The Lie algebra of symmetries is denoted by Sym τ . From now on we consider equations in two independent variables x and t, i.e., n = 2. Let E now be an open subset of the infinite prolongation such that the bundle τ is trivial
Let w 1 , . . . , w m be local coordinates in W . From (12) we haveD
where
are τ -vertical vector fields. Condition (13) is written as
A covering equivalent to the one given byD
The manifold E ×W is itself isomorphic to the infinite prolongation of the system consisting of equations (5) and the following additional equations
This overdetermined system is called the covering system and is consistent modulo (5) if and only if (19) holds on E. The vector fields D x + A, D t + B are the restrictions of the total derivative operators to E × W . Gauge transformations correspond to invertible changes of variables
A covering is trivial if and only if it is obtained by such change of variables from the trivial system ∂w j /∂x = ∂w j /∂t = 0, j = 1, . . . , m.
Example 4. For a conserved current (10) of E the pair of vector fields
∂ ∂w satisfies (19) and determines a covering of rank 1.
Remark 1. The initial bundle π : E → M can be either smooth or complexanalytic, the base M being always a real manifold. In the latter case the jet bundle π ∞ and coordinates (4) are also complex as well as the bundle τ and the manifold W . If below we do not specify which case is considered then the results and their proof are true in both cases. Below all functions and mappings are assumed to be smooth and analytic with respect to their possible complex arguments.
2.4. Zero-curvature representations. Let g be a Lie algebra (over R or C, depending on which situation is considered, see Remark 1). A pair of functions M, N : E → g is called a g-valued zero-curvature representation (ZCR in short) if
Recall that an action of the Lie algebra g on a manifold W is a homomorphism g → D(W ). A morphism from one action ρ 1 : g → D(W 1 ) to another action ρ 2 : g → D(W 2 ) is a smooth mapping ψ : W 1 → W 2 such that all vector fields from ρ 1 (g) ⊂ D(W 1 ) are mapped by the differential ψ * to well-defined vector fields on
Each action ρ : g → D(W ) induces the covering structure in the bundle
is a morphism of the corresponding coverings.
Example 5. Clearly, a g-valued ZCR of E dependent polynomially on a parameter λ can be treated as a ZCR with values in the infinite-dimensional algebra
determines a covering of E. It turns out that many important coverings appear in this way from well-known ZCRs with parameter, see [7] for more details.
Translation-invariant coverings.
In what follows we consider translationinvariant PDEs (5) such that F α does not depend on the independent variables x, t. In this case it is more convenient to describe translation-invariant coverings (20) such that A j , B j do not depend on x, t either. Making this restriction, we in fact do not loose any coverings, since with arbitrary covering (20) we can associate the following translation-invariant covering of rank m + 2 [9] 
This construction can be rewritten in invariant terms, but we do not perform this in the present paper.
For translation-invariant systems of PDEs one obviously defines the translationinvariant horizontal de Rham subcomplex, translation-invariant conservation laws, etc.
3. The fundamental group for differential coverings 3.1. First instructive example. To motivate the next constructions, we present a description of some coverings of the KdV equation
The analogous description of all coverings will be given Subsection 4.1. The operators D x , D t here are given by (7), (8) .
Theorem 1. Any translation-invariant covering (19) of the form
is locally equivalent to a covering of the form
where the vector fields X i , C depend only on w i and are subject to relations
[
and f 1 , g 1 is a conserved current of (22)
Proof. Below w stands for the whole collection w 1 , . . . , w m . It is easy to obtain that A does not depend on u 2 , u 3 and is a polynomial of degree 2 in u 1
We want to get rid of the term u 1 A 1 by switching to a gauge equivalent covering. To this end, let
Consider a local solution on a neighborhood of some point u ′ of the system of ordinary differential equations
dependent on the parameters w with the initial condition f j (w, u ′ ) = w j . Then the formulas
define a local gauge transformation ϕ :
where the vector field A ′ is of the form (63) without the linear in u 1 term. Now it is straightforward to show that A ′ , B ′ are of the form (24), (25).
3.2.
The definition of the fundamental algebra. Consider a translation-invariant system of PDEs. In this section except of Subsection 3.5 we denote by E a connected open subset of its infinite prolongation and assume all functions, mappings, and coverings to be translation-invariant . Inspired by the above example, let us give the following definition.
Definition 1. We say that this system possesses a fundamental algebra if there are functions α j , β j ∈ C ∞ (E), j = 0, 1, 2, . . . such that any covering over E is locally gauge equivalent to a covering (16) , (17) of the canonical form
where M j , N j are vector fields on W (they do not depend on coordinates of E), such that the following assertions hold.
(1) The functions α j as well as the functions β j are linearly independent.
(2) Vector fields (32) satisfy covering condition (19) if and only if certain Lie algebra relations between the vector fields M j , N k hold. (3) Any morphism ϕ : E×W 1 → E×W 2 between two coverings in their canonical forms
. is of the form ϕ = id × ψ, where
Denote by f the quotient of the free Lie algebra generated by the letters
over the relations described in Condition 2. Then (32) becomes a universal f-valued ZCR such that any covering and any morphism between coverings over E are locally obtained by the construction from Subsection 2.4, i.e., by means of actions of f on finite-dimensional manifolds and morphisms between these actions.
Remark 2. Although the number of the generators M j , N k can be infinite, for each covering the sum in (32) must be finite. That is, below we consider only those actions of f that send all but a finite number of the generators to zero vector fields.
Recall that in topology coverings of a connected manifold M are their morphisms are also determined by some actions, namely, by actions of the fundamental group π 1 (M ) of M on (discrete) sets. This analogy inspires us to call f the fundamental algebra of the system under consideration. Below we will see that not the (generally infinite-dimensional) algebra f itself is a canonical invariant of the system of PDEs, but all its finite-dimensional quotients are.
Remark 3. For some partial types of coverings this analogy between f and the topological fundamental group was noticed in [11] . However, before the present paper this idea was not developed and did not lead to any applications.
∂-connected coverings.
In topology it is enough to consider connected coveringsM → M , i.e., when the manifolds M,M are connected.
We need to distinguish 'connected' coverings of differential equations. We call an infinitely prolonged differential equationẼ ∂-connected if it is connected as a topological space and for any connected open subset U ⊂Ẽ and a function f on U the identity X(f ) = 0 ∀ X ∈ CẼ (33) implies f = const, that is, the 0-th translation-invariant horizontal cohomology of U is one-dimensional.
Example 6. The infinite prolongation of the system ∂u/∂x = ∂u/∂t = 0 is isomorphic to R 3 with the coordinates x, t, u and is not ∂-connected , since
A coveringẼ → E is said to be ∂-connected if bothẼ and E are ∂-connected . Consider an action ρ : Theorem 2. The covering τ : E × W → E corresponding to the action ρ is ∂-connected if and only if
In particular, for any point a ∈ U (ρ) the subcovering E × O a → E determined by the action ρ a is ∂-connected , and E itself is ∂-connected .
Proof. If (34) does not hold then there is an open subset U ⊂ R(ρ) and a nonconstant function f on U that is constant on each orbit O a ∩ U . Then for any X ∈ ρ(f) we have X(f ) = 0, which implies A(f ) = B(f ) = 0. Then we havẽ
for the pull-back of f under the natural projection pr : E ×U → U . By the definition, equation (35) says that E × W is not ∂-connected . Conversely, suppose that (34) holds and consider a function f on an open subset Considering the identity covering E → E, we obtain the last statement of the theorem.
The above theorem implies the following important statement, which is the analog of taking a connected component of the covering space in topology. Proof. In the above notation we can take U = E × R(ρ) andẼ a = E × O pr(a) .
3.4. Automorphisms and symmetries of coverings. By Assumption 3 in Definition 1, automorphisms of the covering τ : E × W → E corresponding to an action ρ : f → D(W ) are determined by diffeomorphisms ψ : W → W such that
This observation, Assumption 1 of Definition 1, and equation (15) imply the following.
Proposition 1. The algebra Sym τ consists of those vector fields X ∈ D(E × W ) which are projectable to W under the natural mapping p : E × W → W such that p * (X) ∈ D(W ) commutes with all vector fields from ρ(f). Since X is τ -vertical, it is uniquely determined by p * (X), and Sym τ is identified with the algebra of vector fields on W that commute with ρ(f).
Theorems
By analogy with the situation in topology, we call a ∂-connected covering τ :Ẽ → E regular if the action onẼ of the algebra Sym τ is free (i.e., any nonzero vector field from Sym τ is nonzero at each point ofẼ) and transitive on each fibre of τ . In particular, τ is the quotient map with respect to this action, and dim Sym τ = rank τ .
We say that a Lie algebra L is action-finite if for any transitive action ρ :
The fundamental algebra f is said to be action-finite if this property holds for actions described in Remark 2.
Below in this section we say that some property holds locally if it holds on a neighborhood of each point from an open dense subset of the manifold under consideration.
Theorem 4. Suppose that the fundamental algebra f is action-finite . Then any ∂-connected covering τ :Ẽ → E is locally included in a commutative diagram of ∂-connected coverings
such that the following assertions hold.
(1) The covering r(τ ) is regular.
(2) The covering p(τ ) is the quotient morphism with respect to the action on E(τ ) of some subalgebra h(τ ) of g(τ ) = Sym r(τ ) such that h(τ ) does not contain any nontrivial ideal of g(τ ). (3) The algebra Sym τ coincides with the quotient algebra n/h(τ ), where
is the normalizer of h(τ ) in g(τ ), the action of n/h(τ ) onẼ being induced by the action of n on E(τ ).
Proof. By the above argument, we can assume that the covering τ is determined by a transitive action ρ : f → D(W ). Since f is action-finite , the Lie algebra g = ρ(f) is finite-dimensional. Fix a point a ∈ W and consider its isotropy subalgebra
Let G be the simply connected Lie group whose tangent Lie algebra is g and let H ⊂ G be the connected Lie subgroup whose tangent Lie subalgebra is h ⊂ g. The algebra g acts naturally on G by right invariant vector fields, which are projected also to the quotient space G/H. Note that the action of g ⊂ D(W ) on W is locally isomorphic to the obtained action ϕ : g → G/H [6] .
Taking the composition with the epimorphism f → g induced by ρ, we obtain the natural actions σ : f → D(G) and σ h : f → D(G/H) of f on G and G/H connected by the canonical morphism π : G → G/H.
Consider the commutative diagram of coverings
where τ g and τ g,h are the coverings determined by the actions σ and σ h respectively. Since the initial action ρ is locally isomorphic to σ h , the covering τ is locally isomorphic to τ g,h , and it remains to prove the statements for diagram (39). By Proposition 1, the algebra Sym τ g coincides with the algebra D li ∼ = g of left invariant vector fields on G. Therefore, the covering τ g is regular.
The morphism π : G → G/H is the quotient map with respect to the action of h ⊂ g by left invariant vector fields. This proves the second statement, since the isotropy subalgebra h does not contain any nontrivial ideal of g.
The last statement of the theorem follows from Proposition 1 and the following lemma from the Lie theory. Remark 4. The above theorem implies that, similarly to the situation in topology and algebraic geometry, if f is action-finite then the symmetry algebras of regular coverings over E form a projective system of Lie algebras, the homomorphisms being induced by morphisms of coverings. This projective system consists of finitedimensional quotient algebras of f.
Lemma 1 ([6]). Let X ∈ D(G/H) commute with all vector fields from ϕ(g) ⊂ D(G/H). Then there is
Moreover, from the next theorem one can deduce that for each ∂-connected covering equationẼ determined by an isotropy subalgebra h ⊂ f the symmetry algebras of regular coverings overẼ form a projective system that consists of quotients of h (althoughẼ is not generally an evolution equation and does not generally possess a fundamental algebra in the sense of Definition 1). This is the analog of the fact that for a connected topological coveringM → M one has π 1 (M ) ⊂ π 1 (M ).
However, in the present paper we do not go deeply into the general theory and prove in this direction only the following fact needed for applications in the next subsection and Section 4. Theorem 5. Let τ : E 1 → E be a ∂-connected covering over our evolution equation E and ψ : E 2 → E 1 be a regular covering over the covering equation E 1 . Then there is an epimorphism ϕ : f → g such that the following assertions hold.
(1) The Lie algebra g is finite-dimensional.
(2) The covering τ is locally isomorphic to the one determined by the natural action of f on a homogeneous space G/H, where G is the simply connected Lie group with tangent algebra g and H is a Lie subgroup of G with tangent algebra h ⊂ g. (3) The algebra Sym ψ is the quotient algebra h/h 1 over some ideal h 1 of h. (4) The composition covering τ 1 = τ • ψ is determined by the natural action of f on the homogeneous space G/H 1 , where H 1 is the Lie subgroup of G with tangent algebra h 1 . (5) The morphism of coverings over E
corresponds to the natural morphism of homogeneous spaces G/H 1 → G/H.
Proof. Applying the construction of Theorem 5 to the covering τ 1 , consider the following commutative diagram of coverings
By the construction, the algebra g = g(τ 1 ) = Sym r(τ 1 ) and the subalgebra h 1 = h(τ 1 ) ⊂ g satisfy the required properties.
3.5.
A criterion for existence of a Bäcklund transformation. Let L be an (infinite-dimensional) Lie algebra. We say that a Lie subalgebra h ⊂ L is of strongly finite codimension if there is an ideal i of L that is of finite codimension and is contained in h. If L = f then, similarly to Remark 2, we require in addition that mi and h contain all but a finite number of the generators M j , N k . Such subalgebra h determines a natural transitive action of f on the manifold G/H, where G and H are the Lie groups with the tangent algebras f/i and h/i respectively. Clearly, another ideal i ′ ⊂ h of finite codimension leads to an isomorphic action. Consider the manifold E(f, h) = E × G/H with the 2-dimensional integrable distribution corresponding to this action by Subsection 2.4. By Theorem 4, the covering E(f, h) → E is regular if and only if h is itself an ideal of f.
Consider two translation-invariant systems of PDEs
A Bäcklund transformation between E 1 and E 2 is given by another (possibly overdetermined, but consistent) system
and two mappings
such that for each i = 1, 2 one has • for each solution v 1 (x, t), . . . , v m (x, t) of (43) functions (44) form a solution of (42), • for each solution u i1 (x, t), . . . , u iki (x, t) of (42) the system that consists of equations (43), (44) is consistent and possesses a general solution
dependent on a finite number of parameters C 1 , . . . , C ri .
These conditions mean by definition [1, 10] that the infinite prolongationẼ of (43) covers both E 1 and
where τ i is of rank r i . Moreover, we can make system (43) translation-invariant using the trick from Subsection 2.5: replace x and t in F α by new dependent variables v x , v t respectively and add to (43) the following equations
After this substitution coverings (45) become translation-invariant .
Theorem 6. Suppose that two translation-invariant systems E 1 and E 2 possess action-finite fundamental algebras f 1 and f 2 respectively. If they are connected by a Bäcklund transformation then there are subalgebras h 1 ⊂ f 1 , h 2 ⊂ f 2 of strongly finite codimension in f 1 and f 2 respectively such that the following property holds. For any ideal i 1 of h 1 that is of strongly finite codimension in f 1 there is an ideal i 2 of h 2 that is of strongly finite codimension in f 2 such that h 1 /i 1 ∼ = h 2 /i 2 , and vice versa.
Proof. By the above construction, each Bäcklund transformation determines a diagram (45) of translation-invariant coverings. Moreover, by Theorem 3 we can assume τ 1 , τ 2 to be ∂-connected . Then the coverings τ 1 , τ 2 are locally determined by some subalgebras h 1 ⊂ f 1 , h 2 ⊂ f 2 of strongly finite codimension . Let us show that h 1 , h 2 satisfy the required properties. Let i 1 ⊂ h 1 be an ideal of h 1 that is of strongly finite codimension in f 1 . Then we have the natural regular covering ψ : E(f 1 , i 1 ) → E(f 1 , h 1 ) and Sym ψ = h 1 /i 1 . Applying Theorem 5 (3) to the coverings τ 2 and ψ, we see that h 1 /i 1 is isomorphic to the quotient of h 2 with respect to some ideal, which is of strongly finite codimension in f 2 .
4. The fundamental algebras of the KdV and Krichever-Novikov equations 4.1. Coverings and the fundamental algebra of the KdV equation. We begin with some general results.
Consider an evolution equation E
Suppose that ∂F/∂u p = 0 and consider a covering
That is, A and B are defined on a neighborhood of the point u i = a i , i = 0, 1 . . . , k.
Lemma 2. We have
Moreover, there is a local gauge transformation
such that the transformed vector field D x + A for all s = 1, . . . , k satisfies ∂A ∂u s (u, . . . , u s−1 , a s , a s+1 , . . . , a k ) = 0 ∀ u, . . . , u s−1 .
Proof. Differentiating equation (47) with respect to u s for s > k and using the form (7), (8) of D x , D t , one immediately obtains (48). Now suppose that (49) holds for all s > n, where 0 < n ≤ k − p + 1. Let us find a gauge transformation
such that the transformed vector field D x + A satisfies (49) for all s > n − 1. Let
Similarly to the proof of Theorem 1, the local solution on a neighborhood of a n−1 of the system of ordinary differential equations
dependent on the parameters w 1 , . . . , w m and u, . . . , u n−2 with the initial condition f j (w 1 , . . . , w m , u, . . . , u n−2 , a n−1 ) = w j determines the required transformation (50). (
Proof.
(1) Substituting u j = a j to (52) and using (7), we obtain by induction on s
This clearly implies ∂S/∂u i = 0 for all i ≥ 0.
(2) Similarly, if we apply ad S to (47), differentiate the obtained equation with respect to u i , and substitute u j = a j then by induction we obtain
which implies (54).
Return now to the KdV equation
It is well known that (55) possesses an infinite series of conserved currents
We need the following description of f k , g k , which is straightforward to check.
Lemma 4. For all k ≥ 2 there is conserved current (56) of the form
The conserved current f 1 , g 1 is given by (29).
Theorem 7. Any covering of equation (55)
(we omit the dependence on fibre coordinates w j ) is locally equivalent to a covering of the form
where the vector fields X i , C i belong to D(W ) (do not depend on u i ) and are subject to relations (26), (27) and
Remark 5. For k = 2 this statement is well known [10, 18, 19] . The case of arbitrary k was studied in [5] , but without the notion of gauge equivalence. The final result of [5] for the KdV equation is equivalent to this theorem, but the proof seems to be incomplete.
Proof. Let A and B be defined on a neighborhood of the point u i = a i , i = 0, . . . , k. By Lemma 2, we can assume that (49) holds.
Remark 6. It would be most convenient to take a i = 0, since (60) satisfies (49) for a i = 0. However, since we consider arbitrary local coverings, we do not know in advance whether A, B are defined around this point. We will gradually show that after a suitable gauge transformation the vector fields A, B become polynomial in u i and, therefore, are uniquely extended to the whole space of variables u, . . . , u k .
A straightforward analysis of equation (59) with respect to highest derivatives shows that A does not depend on u k , u k−1 and is a polynomial of degree 2 in u k−2 , while B is polynomial in u k , u k−1 , u k−2 . Therefore, following the strategy of Remark 6, we can set a i = 0 for i ≥ k − 2 in (49). Then (49) for s = k − 2 implies
Further analysis shows that A 2 does not depend on u k−3 and B is of the form
Differentiating (59) with respect to u k , u k−2 we obtain
Now it remains to prove [A 2 , B] = 0.
(65) Indeed, moving towards formulas (60) and (61), set
Combining (65) with (64), we see that the pair A ′ , B ′ also forms a covering
and by induction k the proof is reduced to Theorem 1. So let us prove (65). For k ≤ 3 it is part (28) of Theorem 1, and below we assume k ≥ 4. Taking into account (56) and (64), equation (59) reads
By Lemma 3 (2), equations (63) and (64) imply
As above, A ′ and B ′ turn out to be polynomial in u i for i ≥ k − 3. Moreover, A ′ does not depend on u i for i ≥ k − 2 and is a polynomial of degree 2 in u k−3 . Following Remark 6, we can set a k−3 = 0. Then (49) for s = k − 3 implies
. . , u k−4 ). As above, further analysis of (66) along with Lemma 3 (1) shows 
and rewrite (66) using the above equations as follows
Again, setting a k−4 = 0, we get
, and
Differentiating (71) with respect to u k−2 , u k−4 and taking into account (57) and (58), one obtains
while differentiation with respect to u k−3 , u k−3 gives
Subtracting (73) from (72), we finally obtain
Due to (68), (67), and (69), the field S = A ′ 2 satisfies (53), which by Lemma 3 (2) gives
Combining this with (67) and (70), we obtain that the right-hand side of (74) Proof. Consider for simplicity two coverings of rank 1 (the general case is completely analogous)
connected by a morphism
We must prove that ϕ depends in fact on w only. Substituting (77) to (76) and taking into account (75), we obtain
Taking into account f i = u
. . , u i−1 ) and collecting in (78) the coefficients at the terms u 2 i for i > s, we obtain C i (w)∂ϕ/∂w = C i (ϕ) for i ≥ s + 1. Then (78) implies
Since the right-hand side of (79) does not depend on u s+1 , one gets ∂ϕ/∂u s = 0. By induction on s we see that ϕ does not depend on u i at all.
Thus we see that (55) possesses the fundamental algebra f KdV given by the generators X 1 , X 2 , X 3 , X 4 , C k , k ∈ N, and relations (26), (27), (62). Let us describe this algebra explicitly. Some part of it is already known.
Proposition 2 ( [17, 18] ). The Lie algebra over C with generators X i , i = 1, 2, 3, 4, and relations (26), (27) is isomorphic to the direct sum of the polynomial loop algebra sl 2 (C) ⊗ C C[λ] and the 5-dimensional nilpotent Heisenberg algebra H. The algebra H has a basis r −3 , r −1 , r 0 , r 1 , r 3 with multiplication table [r −1 , r 1 ] = [r 3 , r −3 ] = r 0 , the other commutators being zero. The isomorphism is given by
where h, y, z is a basis of sl 2 with relations
Remark 7. The proof in [17] is very complicated and is based on computer computations. It can be simplified, since the structure of the algebra generated by X i is predicted as follows.
(1) The part sl 2 (C) ⊗ C C[λ] appears according to Example 5 from the wellknown sl 2 -valued ZCR for (55) with polynomial parameter. (2) Recall that (55) possesses one non-translation-invariant conserved current
. A representation of the algebra H occurs in the translation-invariant covering of rank 3 that according to Subsection 2.5 is associated with the covering ∂w/∂x = f, ∂w/∂t = g (see Example 4).
Theorem 9. The fundamental algebra f KdV of the KdV equation (55) is isomorphic to the direct sum
where C is the commutative infinite-dimensional algebra spanned by the linearly independent generators C k , k ∈ N and K = R or K = C, depending on which situation is considered, see Remark 1.
Proof. In one considers (55) over C then the description of f KdV follows immediately from Proposition 2 and relations 62. Note that isomorphism (80) is defined over R, hence the structure of f KdV over R remains the same.
We can prove that f KdV is action-finite only for analytic actions.
Theorem 10. For each transitive analytic action
Proof. We need the following lemma.
Lemma 5. Let M be a connected analytic manifold and g ⊂ D(M ) be a transitive subalgebra of analytic vector fields. Then for any point a ∈ M the isotropy subalegbra h a = {v ∈ g | ev a (v) = 0} contains no nontrivial ideal of g.
Remark 8. For a finite-dimensional algebra g this statement is well known [6] .
Proof. Let v i ∈ g, i = 1, . . . , dim M , be such that ev a (v i ) form a basis of the tangent space T a M . The statement follows from the fact that for an analytic vector field v the identity
Let ρ : f KdV → D(W ) be a transitive action. By the above lemma, it is enough to prove that any subalgebra h ⊂ f KdV of finite codimension is in fact of strongly finite codimension . Taking into account Remark 2 and structure (81) of f KdV , it is enough to prove this for a subalgebra h of g = sl 2 ⊗ K[λ].
Since codim h < ∞, the subring
⊂ Z} is of finite codimension and is an ideal of the ring K[λ]. Therefore, the subspace sl 2 ⊗ R ′ ⊂ h is an ideal of g of finite codimension, which says that h is of strongly finite codimension .
4.2.
Coverings and the fundamental algebra of the Krichever-Novikov equation. Consider the Krichever-Novikov (KN) equation [12, 14, 16] 
where h(u) is a polynomial of degree 3. If the roots e 1 , e 2 , e 3 of the polynomial h(u) are distinct then equation (82) is called nonsingular.
Following [16] , set
Theorem 11. Any covering of equation (82)
where A 1 = A 10 + uA 11 + u 2 A 12 , the vector fields X i , C j , A 1k belong to D(W ) and are subject to the following relations
2h(u)
The functions
are the conserved currents of (82) described in [14] .
This implies that for all j = 1, 2, 3 the subspace
is also of finite codimension in R j . From (93) and (94) one easily gets
It is easy to see that R k R l is of finite codimension in R j . Therefore, the subspace R j R k R l is of finite codimension in R 2 j . Combining this with (95), we obtain that for each j = 1, 2, 3 the subspace Combining Theorem 11, Proposition 3, and Lemmas 6, 5, we obtain the following.
Theorem 12. The nonsingular KN equation (82) possesses the fundamental algebra f KN isomorphic to the direct sum R ⊕ H ⊕ C KN , where R is the Lie algebra defined in Proposition 3 and C KN is an infinite-dimensional commutative algebra. The algebra f KN is also action-finite with respect to analytic actions. 
given by 
where a 1 = 1 √ 6 (e 1 + e 2 − e 3 ), a 2 = 1 √ 6 (−e 1 + e 2 − e 3 ), a 3 = 1 √ 6 (−e 1 + e 2 + e 3 ), a 4 = 1 √ 6 (e 1 + e 2 + e 3 ).
Proof. Denote P i = x 1 ⊗v 1 ∈ R, i = 1, 2, 3. According to [13] , the algebra R is isomorphic to the quotient of the free Lie algebra over the relations
(e i −e j )P k = 0, {i, j, k} = {1, 2, 3}.
(101) It is easy to check that matrices (98), (99), (100) satisfy these relations.
Remark 9. Using Example 5 and the results of [13] on coverings of the LandauLifshits equation, we derived this homomorphism from the ZCR found in [2] . Proof. It is enough to prove that there is no Bäcklund transformation between the KdV and nonsingular KN equations regarded over C. By the above results, these equations satisfy the assumptions of Theorem 6. Substituting λ = λ 0 ∈ C to (97), we obtain a family of homomorphisms ρ λ0 : f KN → sl 4 . It is easy to check that ρ(f KN ) is infinite-dimensional and ρ λ (f KN ) = sl 4 for all but a finite number of values of λ. Then for any ideal i ⊂ f KN of finite codimension for all but a finite number of values of λ the image ρ λ (i) is a nonzero ideal of sl 4 , hence ρ λ (i) = sl 4 , since sl 4 is a simple algebra.
This implies that for any subalgebra h ⊂ f KN of strongly finite codimension there is λ ∈ C such that h/(ker ρ λ ∩ h) ∼ = sl 4 . Since ker ρ λ ∩ h is of strongly finite codimension in f KN , this quotient is of the type considered in Theorem 6. To complete the proof, it remains to show that a subalgebra h 1 ⊂ f KdV of strongly finite codimension cannot possess a quotient of the form described in Theorem 6 isomorphic to sl 4 .
It is enough to prove Lemma 7. Let h 1 ⊂ sl 2 ⊗ C[λ] be a subalgebra of strongly finite codimension and i 1 be an ideal of h 1 such that i 1 is also of strongly finite codimension in sl 2 ⊗ C[λ].
Then the semisimple part of the quotient h 1 /i 1 is the direct sum of several copies of sl 2 , and, therefore, h 1 /i 1 = sl 4 .
Proof. By assumption, there is an ideal i of g = sl 2 ⊗ C[λ] that is of finite codimension and is contained in i 1 . It is easily seen that any ideal of g is of the form sl 2 ⊗ I, where I is some ideal of the ring C[λ]. Any ideal of C[λ] is principal. Consider the polynomial
such that i = sl 2 ⊗ (p(λ)). Consider the quotient algebra Z = C[λ]/(p(λ)). There is a natural epimorphism ϕ : sl 2 ⊗ Z → ⊕ k j=1 sl 2 that consists of evaluations of polynomials at the points λ j and whose kernel is a nilpotent ideal of sl 2 ⊗ Z. Therefore, by Levi's theorem, the maximal semisimple subalgebra of the algebra g/i ∼ = sl 2 ⊗ Z is equal to ⊕ k j=1 sl 2 . Since the algebra h 1 /i 1 is isomorphic to a quotient of some subalgebra of g/i, its maximal semisimple subalgebra is also equal to the direct sum of several copies of sl 2 .
